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| 1. DEFINITION (GROUP)

[ et G be a non-empty set together with a binary operation * defined on
4 then the algebraic structure < G, * > is called a group if it satisfies the

B following axioms
() a*b€G,VabE G (Closure Property)
(i) (a*b)*c= a x(b*c),VabceG (Associative Property)
(iif) T anelemente € G such that
| - _e*a=a==a*e,VaEG.

then -e is called the identity element of G w.r.t. the operation *
- - (Existence of identity)
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of

(i) For
axbh=e™ bea
w4
d the inverse of @ and is denoted by @
{Existence of inveryg,

then & is calle
' the group is denoted by

«' is denoted by

Note 1. If the operation

<@, +>.
-

<G, >,
1.1.0. Finite and Infinite Groups
If the set G in the group < G, * > is a finite set, then 113 called a finite

group otherwise it is called an infinite group.

the group is denoted b\

If the operation * is denoted by

I.1.1. Order of a Group

The order of a finite group < G,

is defined as the number of
distinct elements in G. It is denoted by o(G) or | G| If a group G has n

3

elements, then o(G) = n.
Remark : The order of an infinite group is not defined or we say that the

order is infinite.
1.L2. Abelian and Non-abelian Groups

A group <G, *> is called an abelian group or commutanw gmup

iff asb=peg Ya L BEG.
Ifaeba&b‘agvmbEG,zhcn the group <G, »> is called a

non-abelian group.

yﬂupﬂids Semi-ﬁmu‘p'and Monoid
Groupoid : A an empty set G tbgeme_;j with a binarv émﬂm &

s Semi-Group : A nog
L emi-Group @ cmmy set G mgt.’ﬂm; wa&; bi
defined on it is called a Semi-mn;: xf it msm fhs: P ﬁliimi?;x:i?nm ®

{‘:3 a*f)gG v ﬁ.b@ﬁ

() (@eh)remar(h w
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onoid : A non empty set G together with a binary operation * defined
s called a Monoid if it satisfies the following axioms

50”1(’-)- a*be G V g beg. |
G) (@*b)*c=axb*c)V a,b,¢c €G
(i) 3 anelement e € G such that
~ a*e=a=exq VY q€(.
Here e is called the identity element of G w.r.t. the binary operation *.
(14. ILLUSTRATIVE EXAMPLES

Example k-"Show that the set of all natural numbers form a semi-group under
the composition of addition. : . | .

Sol. Let N = {1, 2, 3,4, ......} be the set of natural numbers.
(7)) Closure Property : Sincen+m €N, Vn,m&EN
N is closed under addition. Je7
(i)) Associative Property : Since
(n+m)+p=n+m+p), -Vn,mpEN.
Associative property hold in N under addition.
Hence N is a semi-gr_oup under addition. _
ote : (N, +) is not a monoid, as (N, +) do not have identity (zérg)'--element.
) K Scanned by CamScanner
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et

| ot ,* denotes the set of all rational

10bes. : numbers except 1, then
N infinite abelian group under the operation 0 defined
ralla, b e @+,

(H.P.U. April 2008; G.N.D.U. Sept. 2011)
Sol. Let Q* be the set of all rational numbers except 1. The binary
composition o on Q* is defined as

aob=ag+p=qp Va beQ*
To show that < Q*, 0> forms an infinite abelian group.

tLeta b e Qe any elements.
Ifpossible, let aq+p-gp = 1

Closure Property

= atb-agb-1=0

= a—abtb=il-=0

= a(l-b)-(1-b) =0

3 (@-1)(1 -5 =0

> a-1=0 or 1-p=0
Le.

a=1 or b=1, whichisnot possible, as a, b € Qr:

atb-abs l,alsoa+b-ab€ Qandsoa+bh—ube Q*,
aobeEQ*V a beQ*.

Thus Closure Property holds in Q*. _ .
Associativity : Let g, bceE Q‘ be any three elements.
(a'ob)'oic*‘_‘”-(a'-i--bw‘c_zb)'oc |
. =atb-agb+c_(a th-abjc
T:-[=&%§%E~ab#6téaa+aéa
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: A 13(5. p ao {(bo ‘i.') =qo(b+c~- bc) <
=a+b+tc—-bc~a(b+c-bo) S’ﬁ
=g+ b+ c¢—bc—ab - ac+ abce. .
(@aob)oc =ao(boc).
Thus associative property holds in Q*. i
Existence of identity : Let 3 ¢ € Q* such that 1‘;
eoca=a=aove, VaeEQ* i
ie. eta—-ea=a=ate—ae
= et+ta-ea=a = e-ea=0 g
= e(l-a)=0 = e=0fora#l
1

e =0 &€ Q* works for the identity element in Q*.
Existence of inverse : Let a € Q* be any element, let 3 b € Q* st

aob=e=boa

Le. atb—ab=0=b+a-ba ,
= a+b(l-a)=0 = b(l-a)=-a
& b‘n"" a A a

Clearly, b= ;ﬁ—f € Q*, is the inverse of the element ain Q*

Commutativity : Let a, b € Q* be any elements.
. 2 aocb=a+b-ab=b+a- ba= boa

Also, as the set Q* is mﬁm{c se;, Thus < Q* tp > fc}rms an infinite
abelian group.
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' Definition : Kernel of a Homomorphlsm . Let G and G’ be tW

gf OUS and f: G - G’ be a homomorphlsm Then kernel of f 18 deﬁned
follows :— -

Kernel of /={xE€G: f(x)=e'}, where ¢’ is the 1dent1ty e]ement Of G' "
Kemel of fis denoted as Ker f
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